Abstract. We prove that ribbons, i.e. double structures associated with a line bundle E over its reduced support, a smooth irreducible projective curve of arbitrary genus, are smoothable if their arithmetic genus is greater than or equal to 3 and the support curve possesses a smooth irreducible double cover with trace zero module E. The method we use is based on the infinitesimal techniques that we develop to show that if the support curve admits such a double cover then every embedded ribbon over the curve is ''infinitesimally smoothable'', i.e. the ribbon can be obtained as central fiber of the image of some first-order infinitesimal deformation of the map obtained by composing the double cover with the embedding of the reduced support in the ambient projective space containing the ribbon. We also obtain embeddings in the same projective space for all ribbons associated with E. Then, assuming the existence of the double cover, we prove that the ''infinitesimal smoothing'' can be extended to a global embedded smoothing for embedded ribbons of arithmetic genus greater than or equal to 3. As a consequence we obtain the smoothing results.
Introduction
A ribbonỸ Y is a multiplicity two structure associated with a line bundle E over its reduced support Y . Precisely, E is the ideal I of Y insideỸ Y (from I 2 ¼ 0 it follows that I is an O Y -module). The schemeỸ Y is called a ribbon over Y with conormal bundle E, [2] , §1. The notion of ribbon can be extended to higher multiplicity by allowing E to have any rank. If E, instead of having rank 1, has rank n À 1 thenỸ Y is called a rope of multiplicity n.
A smoothing of a ribbon is a family, flat over a smooth pointed a‰ne curve, whose general fiber is a smooth variety and whose special fiber is the ribbon. If the ribbon is embedded in an ambient variety and the family is a subvariety of the product of the ambient variety and the base curve of the family, then we call it an embedded smoothing.
Ribbons were first studied at length by D. Bayer and D. Eisenbud in their fundamental work [2] . They are important as far as they appear as degenerations of smooth varieties whose properties are interesting to study. Often, those properties are easier to study on a degenerate variety which, nevertheless, has a simpler structure in many ways (e.g. the structure of the Picard group of a ''rational'' ribbon, i.e. a ribbon over P 1 , or the computation of the equations of a K3-carpet, i.e. a ribbon with reduced support on a smooth rational normal scroll and conormal bundle the canonical line bundle of the scroll, see [2] ), though its nondegenerate counterpart, which even has nicer properties from a geometric point of view (smoothness, irreducibility, . . .), has a more complex structure. Indeed, one of the source of interest for ribbons and other double structures in the 90's was the study of Green's conjecture regarding the syzygies of a canonical curve. For this approach to be e¤ective one needs to know, to start with, that ribbons are smoothable. That is the reason why finding ways of smoothing a ribbon is important.
The goal of this paper is to determine under what conditions a ribbon can be smoothed. The result we obtain is that over a smooth irreducible projective curve Y of arbitrary genus g, every ribbon (with very few exceptions if g ¼ 0 or g ¼ 1) with conormal bundle E is smoothable under some natural geometric condition. This geometric condition is that there is a double cover of Y with trace zero module E.
The appearance of ribbons as flat limit of smooth curves is expected whenever a family of embeddings degenerates into a 2 : 1 morphism over a smooth curve Y . Indeed, in this situation the degree and the genus imposed by the images of the embeddings on their flat limit indicate that this flat limit must be a double structure over Y , whose genus is the genus of a ribbon over Y associated with the trace zero module of the double cover. This situation leads us to think that the natural geometric condition that we need to impose if we expect ribbons to be smoothable is that there is a double cover of Y with trace zero module E.
At the infinitesimal level the fact that an embedded ribbon is contained in the first infinitesimal neighborhood of its reduced support inside the ambient variety suggests that the ribbon can be captured by ''first-order infinitesimal smoothings''. More specifically, one would like to establish the following correspondence: on one side we would have an embedded ribbonỸ Y , on the other we would have a first-order infinitesimal deformation of the composite map obtained from the double cover of Y and the embedding of Y in the ambient variety, in such a way that the central fiber of the image of this deformation is the ribbon. This correspondence does not come totally unexpected (see [4] , where canonically embedded non-hyperelliptic rational ribbons of arithmetic genus greater than or equal to 3 appear associated with infinitesimal deformations of hyperelliptic covers of rational normal curves, and [6] , where K3-carpets appear associated with deformations of hyperelliptic covers of rational normal scrolls). These examples are, nevertheless, particular cases and the approach is in one case done by an explicit computation (an approach that one hope to work only when the reduced curve Y is as simple as P 1 and the line bundle associated with the map from the double cover to the ambient projective space is well-behaved as is the case with the canonical line bundle). In the case of K3-carpets, the approach is not an explicit computation of the equations of an infinitesimal deformation of a double cover, but the success of the proof relies heavily on some very special characteristics, such as the existence of a unique double structure with K3 invariants on a given rational normal scroll. Thus a more general and conceptual approach is needed. This is what we do in this paper, setting up the foundations for the process on how a first-order infinitesimal deformation of the composite morphism obtained from a double cover of a curve Y of arbitrary genus and the inclusion of Y in the ambient projective space, produces a ribbonỸ Y on Y , and how every ribbonỸ Y on Y comes indeed from such a process. This is done in Proposition 3.7 and Theorem 3.8 which say that every first-order, locally trivial, infinitesimal deformation of a morphism X ! j Z, which is finite over its image Y , produces a rope over Y mapping to the target variety Z and a first-order deformation of Y in Z so that the central fiber of the image of the deformation morphism is equal to the image of the rope and the whole image of the deformation morphism is the scheme-theoretic union of its central fiber and the flat embedded deformation. These results give geometric content to the arrow, obtained by cohomological methods, from H 0 ðN j Þ, the space of first-order, locally trivial, infinitesimal deformation of j, to HomðI Y ; Z =I 2 Y ; Z ; O Y Þ l HomðI Y ; Z =I 2 Y ; Z ; EÞ. The conceptual understanding of this process is also done in Theorem 3.9 (which can be understood as an ''infinitesimal smoothing'' result for ribbons) which says that if this arrow is surjective then every rope, with conormal bundle E ¼ p Ã O X =O Y (where p is the map from X to Y ), embedded in Z is the central fiber of the image of some first-order, locally trivial, infinitesimal deformation of j, and in Theorem 3.10 which says that in the case where X is a curve every rope over the curve Y with conormal bundle E is obtained via this process. The way we prove the smoothing of ribbons is by showing that we can obtain the ribbon as central fiber of the image of a deformation of a morphism 2 : 1 to a family of embeddings. Our main smoothing result is Theorem 5.3 which says:
Theorem 0.1. Let Y be a smooth irreducible projective curve and let E be a line bundle on Y. Assume that there is a smooth irreducible double cover X ! p Y with
Then every ribbonỸ Y over Y with conormal bundle E and arithmetic genus p a ðỸ Y Þ f 3 is smoothable.
As we said above, the existence of a double cover with trace zero module E is the natural condition we might impose for the ribbons with conormal bundle E to be smoothable. In fact, this condition turns out to be hardly restrictive in comparison with the obvious necessary condition for a ribbon to be smoothable, namely: its arithmetic genus is greater than or equal to zero. Besides, since the arithmetic genus of a ribbonỸ Y with conormal bundle E is p a ðỸ Y Þ ¼ d þ 2g À 1, where d ¼ Àdeg E and g is the genus of Y , the existence of such a double cover implies the condition p a ðỸ Y Þ f 3, with very few exceptions if g ¼ 0 or g ¼ 1.
To get an idea of the scope of our results we point out that if the genus g of Y or the arithmetic genus p a ofỸ Y gets bigger there exist more ribbons of arithmetic genus p a , over a curve Y of genus g. The reason is that the ribbons with conormal bundle E over a curve Y are classified, up to isomorphism over Y , by the elements of the space Ext (1) There exists a smooth irreducible family X proper and flat over a smooth pointed a‰ne curve ðT; 0Þ and a T-morphism X ! F P r T with the following properties:
(a) The general fiber X t ! F t P r , t 3 0, is a closed immersion of a smooth irreducible projective curve X t .
(2) The image of X ! F P r T is a closed integral subscheme Y H P r T flat over T with the following properties:
(a) The general fiber Y t , t 3 0, is a smooth irreducible projective nondegenerate curve with nonspecial hyperplane section in P r .
We remark that the condition p a ðỸ Y Þ f 3 is imposed in Theorem 0.2 for technical reasons regarding its proof.
To obtain Theorem 0.1 from Theorem 0.2 we need a criterion to decide whether every ribbon with a fixed conormal bundle E over a curve Y can be embedded as a nondegenerate subscheme in the same projective space P r extending an embedding Y ,! P r . This criterion is Proposition 4.2. As a consequence we see in Theorem 4.7 how to obtain nondegenerate projective embedding in the same projective space for all ribbons with a fixed conormal bundle.
The proof of Theorem 0.2 consists in extending an infinitesimal deformation of the map X ! j P r to a deformation over an a‰ne base. In order that the image of the deformation over the a‰ne base containsỸ Y as central fiber, we pick the infinitesimal deformation out so that this is already true at the infinitesimal level, i.e. we previously prove that the ribbon can be infinitesimally smoothed. This key result on infinitesimal smoothing, which is a direct consequence of the Theorem 3.10 obtained from the general infinitesimal theory that we develop in Section 3, is:
Theorem 0.3. Let Y be a smooth irreducible projective curve in P r and let E be a line bundle on Y. Assume that there is a smooth irreducible double cover X ! p Y with
Let X ! j P r be the morphism obtained as the composition of p and the inclusion of Y in P r . Then every ribbon over Y, with conormal bundle E, embedded in P r is the central fiber of the image of some first-order infinitesimal deformation of j.
To appreciate the scope of our results we specialize them to particular cases of Y , see Corollary 5.4, Corollary 5.5 and Corollary 5.6.
If g ¼ 0 some of the facts we obtain are that (a) all rational ribbons of arithmetic genus h f 3 are infinitesimally produced by a hyperelliptic curve associated to the conormal bundle of the ribbons O P 1 ðÀh À 1Þ, (b) all rational ribbons of arithmetic genus h f 3 can be embedded in P h with degree 2h over a rational normal curve, (c) all rational ribbons of arithmetic genus h f 3 and degree 2h over a rational normal curve in P h are smoothable, (d) hence all rational ribbons of arithmetic genus greater than or equal to 3 are smoothable.
If g ¼ 1, i.e. for an elliptic curve Y , some of the analogous facts we prove are that (a) all ribbons of arithmetic genus h f 3 are infinitesimally produced by bi-elliptic curves associated to the conormal bundles of the ribbons, (b) all ribbons of arithmetic genus h f 6 can be embedded in P hÀ2 with degree 2h À 2 over an elliptic normal curve Y H P hÀ2 with hyperplane section not isomorphic to the dual of the conormal bundle of the ribbons, all ribbons of arithmetic genus h ¼ 4 or 5 can be embedded in P h with degree 2h over an elliptic normal curve Y H P hÀ1 and all ribbons of arithmetic genus h ¼ 3 can be embedded in P 5 with degree 8 over an elliptic normal curve
(c) all ribbons embedded like above are smoothable, (d) hence all ribbons of arithmetic genus greater than or equal to 3 over an elliptic curve are smoothable.
The results of this article have other applications. In [5] , we build on the methods of this paper to prove results on smoothing of ropes of arbitrary multiplicity and apply it to study in detail ropes of multiplicity three on P 1 .
Conventions.
We work over a fixed algebraically closed field k of zero characteristic. All schemes considered are separated and of finite type over k.
Preliminaries
The definitions and facts gathered here are known in the references [2] , §1, [6] , §1, [11] , §2 for ribbons. We state them here for ropes without proofs, the ones in the references translate almost word by word. 1.5. Let Y be a reduced connected scheme and let Z be a scheme. Let E be a locally free sheaf of rank n À 1 on Y . The algebra of the n-ropeỸ Y with extension class ½e, where e is the exact sequence 0 
with k-algebra structure defined by ðc; sÞðc 0 ; s 0 Þ ¼ ðcc 0 ; cs 0 þ c 0 sÞ.
is defined by the unique map of k-algebras 2) The image subscheme of the mapĩ i induced by t has ideal in Z equal to the kernel of the composite homomorphism 
ð2:1:1Þ
imðÀt l j 0 Þ and we call e t the extension
In this way to each N Ã Y ; Z ! t E we assign the pair ðe t ; o t Þ defined by the commutative
In the opposite direction, fix a pair ðe; oÞ defined by a diagram like (1.5.1), then there is a unique homomorphism t o making the diagram
commutative. In this way to each pair ðe; oÞ we assign a homomorphism N
It is easy to verify that this establishes the bijection between homomorphisms N Now we prove (2). Fix t A HomðN Ã Y ; Z ; EÞ and let ðỸ Y ;ĩ i Þ be the extension pair defined by ðe t ; o t Þ as in (1) . Let J denote the kernel ofĩ i K . If we denote the composition 
From the Snake Lemma it follows thatĩ i K is surjective i¤ t is surjective. r 2.2. First-order, locally trivial, infinitesimal deformations of a morphism.
Let X ! j Z be a morphism, where X is a reduced connected scheme and Z is a scheme. Let D denote Spec k½e=e 2 . We are interested in the first-order, locally trivial, infinitesimal deformations of the pair ðX ; jÞ, i.e. D-morphismsX X ! j j Z Â D with central fiber X ! j Z, whereX X is a first-order, locally trivial, infinitesimal deformation of X .
A space classifying them is described in [10] . Let V ¼ ðV Þ be an open a‰ne cover of X . As usual, we let C 0 ðV; ÀÞ and Z 1 ðV; ÀÞ denote, respectively, the group of 0-cochains and 1-cocycles with respect to the covering V and d the coboundary map. Let
Z be a morphism, where X is a reduced connected scheme and Z is a scheme. Let DðX ; jÞ defined by (2.2.1). Then:
(1) DðX ; jÞ does not depend on the a‰ne cover.
(2) We have two exact sequences
where N j denotes the cokernel of
In particular, if the map 
Z be a morphism, where X is a reduced connected scheme and Z is a scheme. Let DðX ; jÞ be defined by (2.2.1). There is a one-to-one correspondence between pairs ðX X ;j jÞ up to D-isomorphism, whereX X is a first-order, locally trivial, infinitesimal deformation of X andX X ! Proof. A first-order infinitesimal deformationX X is a ribbon over X with conormal O X and conversely. The D-morphismsX X ! j j Z Â D are in bijection with the k-morphisms X X ! j j Z and a D-morphismj j is an extension of j i¤ the corresponding k-morphismĵ j is an extension of j.
Now, arguing like in the proof of Proposition 2.1, we establish a bijection between extension pairs ðX X ;j jÞ up to D-isomorphism and classes of pairs ½ðe; oÞ defined by equivalence of diagrams
ð2:5:1Þ
by assigning to ðX X ;j jÞ the pair ðe; oÞ associated with ðX X ;ĵ jÞ. We observe, for future reference, that the correspondencej j $ĵ j is locally expressed bỹ 
where OX X ¼ fðb; sÞ A O X l G j ps ¼ dbg. Now, to prove Proposition 2.5, we establish a bijection between the set of classes ½ðe; oÞ, where the extension e is locally split, and DðX ; jÞ.
Locally split extension classes are classified by the subspace
Recall that the inclusion map, obtained from the spectral sequence of local and global Ext's, is as follows: to a class ½r, with r A Z
, corresponds the class of the extension e defined by the gluing diagrams
where
We set up the bijection. Start with a class ½ðe; oÞ, where e is locally split. Observe that a locally split extension of coherent sheaves on a noetherian separated scheme is split over every open a‰ne subset. Take an open a‰ne cover V ¼ ðV Þ of X so that e is split in every open set of V, and take a family of local retractions r ¼ ðr
Moreover, the cochain ro verifies that dðroÞ ¼ rDj. Therefore the pair ðro; rÞ defines a class in DðX ; jÞ. Conversely, to a class ½ðg; rÞ we assign the class of the pair ðe; oÞ constructed as follows: the extension e is defined from r by means of the gluing diagrams (2.5.4). The condition dg ¼ rDj, in the definition of DðX ; jÞ, implies that the homomorphisms j In this section we set up the general process relating ropes, over a smooth irreducible closed subvariety Y of a smooth irreducible variety Z, mapping to the ambient variety Z and first-order, locally trivial, infinitesimal deformations of morphisms which are the composition of a finite cover of Y and the inclusion Y ,! Z.
We start by fixing the setting for this section:
Z be a morphism from an integral Cohen-Macaulay variety X to a smooth irreducible variety Z. Let Y be the (scheme-theoretic) image of j. Let Y ,! i Z denote the closed immersion. Assume that Y is smooth and that j induces a finite morphism
In these conditions p is surjective and flat. The algebra p Ã O X is a locally free O Ymodule of some rank n and the trace map gives a splitting for the injective map
3.2. Let N j be the normal sheaf of the morphism X ! j Z defined by the exact sequence
This sheaf fits into a useful extension:
Lemma 3.3. In the conditions of 3.1 there is an exact sequence
Proof. We have the sequence exact also on the left
So we obtain the exact sequence
So we see that also the map From the adjunction isomorphism we obtain an isomorphism 
Now, since g corresponds to f by the adjunction isomorphism, we see that g j p Ã I=I 2 corresponds to f j I=I 2 by the isomorphism a in (3.4.1). So we have commutativity in the lower square of (3.4.1) and the final assertions in the lemma follow as well. r Proposition 3.5. In the conditions of 3.1 there is a commutative diagram
ð3:5:1Þ
The map d 1 sends the section n A H 0 ðN j Þ which, from the isomorphism DðX ; jÞ ! @ H 0 ðN j Þ and Proposition 2.5, corresponds to a first-order, locally trivial, infinitesimal deformation ðX X ;j jÞ of j, to the class of the extension definingX X . The maps d 3 and d 2 are, respectively, the connecting homomorphisms obtained from the sequence 0 ! I=I 2 ! i Ã W Z ! W Y ! 0 and its pullback to X.
Proof. We define d 1 as the composition of the connecting map
obtained from the middle sequence in (3.3.2), and the natural inclusion
If n A H 0 ðN j Þ corresponds to ½ðg; rÞ A DðX ; jÞ by the isomorphism DðX ; jÞ
sends n to ½r. So d 1 sends n to the class of the extension defined by the gluing diagrams (2.5.4). Therefore, from Proposition 2.5, we see that d 1 sends n to the class of the extension defining the first-order, locally trivial, infinitesimal deformationX X in the pair ðX X ;j jÞ associated with ½ðg; rÞ. Now we prove the commutativity of the upper square in (3.5.1).
The map d 2 is the composition of the connecting map
obtained from the middle column of (3.3.2), and the natural inclusion
Furthermore, this inclusion is an isomorphism for Y is smooth. Therefore, from the upper commutative square in (3.4.1), the commutativity of the upper square in (3.5.1) is equivalent to the commutativity of the diagram
? y ? ? ? y dp
ð3:5:2Þ
where the horizontal maps are given by Remark 2.4 and m is the map of (3.4.1). The commutativity of (3.5.2) follows directly from the definitions.
Now we prove commutativity in the lower square of (3.5.1). The vertical map a is the adjunction isomorphism. The vertical isomorphism b follows from the facts that p is an a‰ne morphism and Y is smooth. Indeed,
From the fact that p is a‰ne
Moreover, from the adjunction isomorphism
Furthermore, the commutativity of the lower square of (3.5.1) is equivalent to the commutativity of the diagram 
ð3:5:4Þ
where the horizontal maps are given by Remark 2.4. Now, from the lower commutative square in (3.4.1), the commutativity of (3.5.4) implies commutativity in (3.5.3). r
The next Proposition 3.7 provides geometric meaning to Proposition 3.5. It is the starting point for Theorem 3.8 and Theorem 3.9, the main results in this section. In order to state Proposition 3.7 we need the following: Lemma 3.6. Let Y be a reduced connected scheme.
(1) A ropeỸ Y over Y with conormal bundle E has a nontrivial structure of D-scheme extending the structure ofỸ Y as k-scheme i¤ E has a nonzero global section.
(2) LetỸ Y 1 be an n 1 -rope and letỸ Y 2 be an n 2 -rope over Y with conormal bundles, respectively, the locally free sheaves Let ½ðe; oÞ be the class defined by a commutative diagram like (2.5.1) which corresponds to ðX X ;j jÞ. Then, from Proposition 3.5, we have d 1 n ¼ ½e. Therefore, from the commutativity of (3.7.1), we have C 1 ½e ¼ ½e 1 
Arguing with formulae like (2.5.2), it is easy to verify that
is the morphism extending Y ! i Z that, from Proposition 2.1, corresponds to
Indeed, from (3.7.4) and (3.7.5) there is a commutative diagram 
Now we prove (3). We can write the algebra of
Now, with formulae like (2.5.2) and (1.5.3) we see thatĩ i is locally given by
So we have 
With the notations of (3.5.1) we have a À1 ðn 1 l n 2 Þ ¼ fðnÞ. Hence fðnÞ is the composition
Now, from (3.5.1), we obtain b
Therefore we obtain a commutative diagram
ð3:7:9Þ
where the lower exact sequence represents the class
Also from (3.5.1) we see that dpð½eÞ is the class of the lower exact sequence in (3.7.9). Therefore we obtain a commutative diagram
Now, from the definition of p 0 , we see that the composition p
The rest of (2) follows easily. r
The following result, with the notations of Proposition 3.7 and (3.7.2), describes the image of the mapj j. (1) The central fiber of the image of the morphismj j contains Y and is contained in the first infinitesimal neighborhood of Y in Z and is equal to the image of the morphismỸ Y ! Z obtained from n 2 . More precisely, the ideal of both the central fiber of the image ofj j and the image ofỸ Y ! Z is the kernel of the composite homomorphism 
Then, from (2.5.3), we see that the ring homomorphism induced by the morphismj j is written as
ð3:8:1Þ
where W A n B ! g V B is the homomorphism given by the cochain g over the open set V A V.
We prove part (1) . The fact that the ideal of the image of the morphismỸ Y ! Z obtained from n 2 is the kernel of
n 2 E follows from Proposition 2.1.
Now we prove that J is the kernel of I
This can be locally checked. Let I ; J H A, respectively, denote the ideals of Y and ðimj jÞ 0 and let I ;J J H A l Ae, respectively, denote the ideals of Y and imj j. By definitionJ J is the kernel of the homomorphism (3.8.1). Thereforẽ
Moreover, taking the central fiber amounts to tensor the rings with k½e=ek½e, so J is the image ofJ J n k½e=ek½e ! A. Hence
From Lemma 3.4, we obtain commutative diagrams From the splitting B ¼ A=I l M, we consider f U as a pair
Hence, with the notations of (3.7.1) and (3.7.2), the right-hand side diagram of (3.8.2) amounts to commutative diagrams 
Assume that E 0 H E and let n 2 denote the induced map
j Þ is injective is equivalent, from the cohomology sequence of (3.3.1), to the fact that the map .1) is surjective. Therefore the element ð0; n 2 Þ A H 0 ðp Ã N Y ; Z Þ admits a lifting to a global section n A H 0 ðN j Þ. Letj j be the associated first order, locally trivial, infinitesimal deformation. From Theorem 3.8, we see that the central fiber ðimj jÞ 0 has ideal J. r
As a consequence we obtain the following result, from which we obtain Theorem 0.3 which is the key infinitesimal result we will use in the proof of the embedded smoothing Theorem 5.1 of ribbons over curves. Then every rope over the smooth irreducible curve Y, with conormal bundle contained in E, embedded in Z is the central fiber of the image of some first-order infinitesimal deformation of j.
Proof. For X is a curve we see that the support of N p is a finite set. Therefore
Finally, keeping previous notations, we identify when we obtain the subvariety Y itself as central fiber of the image ofj j and whenj j factors through Y Â D.
Proposition 3.11. In the situation of Theorem 3.8, the following are equivalent conditions:
Þ is the pair consisting of the split rope and its projection to Y.
Proof. Apart from (5) ) (1), all equivalences are direct consequence of Proposition 2.1, Theorem 3.8, (3.8.4) and (3.8.7).
(5) ) (1) From the ''Local criteria of flatness'' [12] , 20.C, we see that imj j is flat over D i¤ the surjective mapJ J n k½e=ek½e ! J is an isomorphism. Moreover, it is easy to see that ifJ J n k½e=ek½e ! J is injective thenJ J X O Z e H Je. Now, from (3.8.4), we obtain Ie ¼J J X O Z e. So we have Ie H Je and therefore I H J. r Proposition 3.12. In the situation of Theorem 3.8, the following are equivalent conditions:
(1) ðX X ;j jÞ factors through a first-order, locally trivial, infinitesimal deformation of p. 
Embedding in projective space for ribbons over curves
From now on, Y will be a smooth irreducible projective curve of arbitrary genus g, and E a line bundle on Y . We consider ribbons over Y with conormal bundle E.
Recall, from Proposition 2.1, that maps from ribbons with conormal bundle E, extending a fixed closed immersion Y ,! i P r , are in correspondence with homomorphisms N Ã Y ; P r ! E so that closed immersions correspond to the surjective ones.
In the next two results we obtain a criterion to decide whether all ribbons with fixed conormal bundle E can be embedded in the same projective space with support in a fixed embedding of the reduced part Y . Lemma 4.1. Let Y be a smooth irreducible projective curve, let E be a line bundle on Y and let F be a locally free sheaf of finite rank on Y.
(1) The surjective homomorphisms from F to E form an open set of HomðF; EÞ which is the complement of an algebraic cone. Our next goal will be to find nondegenerate projective embeddings, in the same projective space, for all ribbons with conormal bundle E supported over a (possibly degenerate) projective embedding of the base curve Y . According to Proposition 4.2, we first look for a nondegenerate projective embedding of the split ribbon with conormal bundle E. The method we will use is suggested by the following proposition. 
Proof. The ribbon embedded in P r by a surjection N Ã Y ; P r ! t E is the split ribbon i¤ this surjection extends to a (surjective) map i
Now assume that the last surjection exists. Let F be the kernel of
We consider the pullback to Y of the Euler sequence in P r . Let M denote the cokernel of the composition Then we have (see [9] , V 2.6) p On the other hand, the sheaves
This ends the proof of (2). r 
(2) Let O Y ð1Þ be a very ample line bundle on Y. Let P s H P r denote, respectively, the projective spaces of (one quotients) of H
i P r be the closed immersion defined as the composition of the embedding Y ,! P s given by the complete linear series H 0 À O Y ð1Þ Á and P s H P r .
Assume that H
with L a line bundle, and let Y ,! S be the associated section.
If the line bundle
is globally generated then its complete linear series defines a morphism S ! c P r such that the composition with the section is the given embedding Y ,! i P r .
Moreover, the induced morphism from the split ribbonỸ Y to P r is defined by the complete linear series of
ÁÁ jỸ Y and therefore its image is nondegenerate.
Proof. Let Y ,! S be a section defined by a surjective map N ! ! K with K an invertible sheaf. Let L be the kernel of N ! ! K. Then we have (see [9] , V 2.6)
From the definition of the section we have O S ð1Þj Y ¼ E À1 n L. So we have the identity
and the exact sequence 
which is (4.
Á ¼ 0 and the isomorphism (4.5.2), we obtain an exact sequence
Therefore we have a commutative diagram 
where the horizontal arrows are the evaluation morphisms. This proves that there is a morphism S ! c P r whose restriction to Y is the given embedding Y ,! P r .
Finally, we have
For a base curve Y of arbitrary genus g, the way to place the split ribbonỸ Y with conormal bundle E is to take the first infinitesimal neighborhood of the section defined by O Y l E ! ! O Y inside PðO Y l EÞ. This is the split ribbon with conormal bundle E viewed as (see [2] , 1.1) the first infinitesimal neighborhood of the null section in VðEÞ. Proof. We can apply Proposition 4.5 for the section defined by
is very ample (see [9] , V Ex. 2.11). So we obtain a nondegenerate embedding in P r for the split ribbon with conormal bundle E. Now we obtain Theorem 4.7 from Remark 4.3 and Proposition 4.2.
so r f 3 and the embedding Y ,! i P r is degenerate. r Remark 4.8. Although with this kind of embeddings we will be able to obtain our main result regarding smoothing of ribbons, in some cases we can obtain nondegenerate embeddings, in the same projective space P r , for all ribbons over Y with conormal bundle E extending a nondegenerate embedding of Y in P r .
(1) If Y is an elliptic curve and d ¼ Àdeg E f 5 then we can embed all ribbons with conormal bundle E in P dÀ1 over an elliptic normal curve Y H P dÀ1 of degree d. 
Indeed, we take a line bundle
and therefore we can take a nowhere vanishing global section of N n L À1 defining an exact sequence 0 ! L ! N ! E À1 n L ! 0. From Proposition 4.5, we get the split ribbon with conormal bundle E as the first infinitesimal neighborhood of the section defined by the surjection N ! E À1 n L inside S. Moreover, the line bundle
is very ample (see [9] , V Ex. 2.12) and its complete linear series gives an embedding for S in P dÀ1 . So arguing like in the proof of Theorem 4.7, we get our desired embedding for all ribbons with conormal bundle E in P dÀ1 with nondegenerate embedded reduced support Y ,! P dÀ1 .
For d even ðf 6Þ, we consider likewise the geometrically ruled surface S ¼ P Y ðNÞ over Y associated with the non-trivial extension 0
2 ¼ E and a nowhere vanishing section in 
Smoothing
In this section we show that, under weak conditions on the conormal bundle E, every ribbon of arithmetic genus greater than or equal to 3 over a smooth irreducible projective curve of arbitrary genus g (with very few exceptions if g ¼ 0 or g ¼ 1) is smoothable.
A smoothing of a ribbonỸ Y over a smooth irreducible projective curve Y is an integral family Y proper and flat over a smooth pointed a‰ne curve ðT; 0Þ, whose general fiber Y t , t 3 0, is a smooth irreducible projective curve and whose central fiber Y 0 is isomorphic toỸ Y .
IfỸ Y H P r , Y H P r T as closed subschemes, and Y 0 ¼Ỹ Y we call Y an embedded smoothing.
Our main Theorem 5.1 gives su‰cient conditions for an embedded ribbonỸ Y H P r to have an embedded smoothing.
Over a smooth irreducible projective curve Y of arbitrary genus g we consider ribbons with a fixed conormal bundle E.
In Theorem 5.1 we assume the existence of a smooth irreducible double cover X ! p Y with p Ã O X =O Y ¼ E. Such a double cover X is determined (see e.g. [1] , I.17) by E and its branch locus, an e¤ective divisor, smooth for X to be smooth, with associated line bundle E À2 . Therefore the existence of such a double cover is equivalent to either
(1) the existence on Y of a non-zero e¤ective reduced divisor with associated line bundle E À2 , or Let 0 A T denote the point corresponding to X 0 . Over the pointed a‰ne curve ðT; 0Þ we have a proper flat polarized family ðX; L 0 Þ containing ðX ; L 0 Þ and ðX X ;L L 0 Þ as fibers over the point 0 and the tangent vector to T at 0. Now, twisting by the Àn power of the relative dualizing sheaf of the family we obtain a family ðX; LÞ proper and flat over T whose central fiber is ðX ; LÞ, whose restriction to the tangent vector to T at 0 is ðX X ;L LÞ and whose general member ðX t ; L t Þ consists of a smooth irreducible projective curve of genus g X and a very ample nonspecial line bundle L t with as many global sections as L and degree d 1 ¼ deg L. Then we have h 0 ðL t Þ ¼ r þ 1 for every t and we will show that, after shrinking T if it is necessary, L defines a T-morphism X ! P r T whose fiber over the tangent vector to T at 0 is the initial morphismX X ! j j P r D and whose general fiber X t ! j t P r for t 3 0 is a closed immersion given by the complete linear series of L t . Indeed, recall that the morphismX X ! ! !L L given by r þ 1 global sections fl l 0 ; . . . ;l l r g all whose possible relations over k½e have nonunit coe‰cients and whose restriction to X is a set fl 0 ; . . . ; l r g of r þ 1 global sections of L such that exactly s þ 1 of them are independent. The restricted surjection O rþ1 X ! ! L given by fl 0 ; . . . ; l r g defines the initial morphism X ! j P r . Now, we will obtain a T-morphism X ! P Let X ! p T be the (proper and flat) structural morphism. The facts that p is proper, L is flat over T and H 1 ðX t ; L t Þ ¼ 0 for every t A T imply that p Ã L is a locally free sheaf of rank r þ 1 on T ¼ Spec R and ''the formation of p Ã commutes with base extension'' so we have GðLÞ n R k½e=ek½e ¼ GðLÞ and GðLÞ n R k½e ¼ GðL LÞ. After shrinking T, we can assume that M ¼ GðLÞ is a free R-module of rank r þ 1.
We prove that the map M ! GðL LÞ is surjective. Twisting by L the short exact sequence associated with the inclusionX X H X and pushing-down to T, we obtain an exact sequence
whereX X ! p p D is the structural morphism. Now, shrinking T, we can assume that O X ðÀX Þ is isomorphic to O X and thus we see that R 1 p Ã LðÀ2X Þ vanishes from the fact that L induces nonspecial line bundles on every fiber. So we can lift fl l 0 ; . . . . . . ; l r g are independent so d does not vanish at 0 A T. Assume n f 1. The k½e-module GðL LÞ ¼ M n R k½e is free so we have GðL LÞ ¼ GðLÞ l GðLÞe. Therefore we can writel l i ¼ l i þ m i e where m i A GðLÞ. The vanishing of d at order n is equivalent to P 0ei 1 <ÁÁÁ<i n er l 0 5Á Á Á5l i 1 À1 5m i 1 5l i 1 þ1 5Á Á Á5l i n À1 5m i n 5l i n þ1 5Á Á Á5l r ¼ 0: ð5:2:1Þ From (5.2.1) we obtain a k½e-linear relation among the sections fl 0 þ m 0 e; . . . ; l r þ m r eg such that some of its coe‰cients is a unit in k½e. The existence of this linear relation implies that the central fiber ðimj jÞ 0 is degenerate. This is contrary to our hypothesis that the ribbonỸ Y is nondegenerate. So the equality (5.2.1) does not happen and therefore d does not vanish at order n ¼ r À s as we wanted to show.
Therefore, shrinking T, we can assume that the r þ 1 elements fm 0 ; . . . ; m r g of M induce a basis in H 0 ðL t Þ for every 0 3 t A T.
Thus we obtain for every 0 3 t A T a surjection O rþ1 X t ! ! L t given by a basis of H 0 ðL t Þ and for t ¼ 0 the surjection O rþ1 X ! ! L whose associated morphism is X ! j P r .
This is a flat family of morphisms X t ! F t P r whose central fiber is X ! j P r , whose general fiber is a closed immersion associated with a complete linear series and whose D-fiber is X X ! j j P r D .
Let Y be the image of the T-morphism X ! F P r T . The total family X is smooth and irreducible so Y is integral. Furthermore, F is a closed immersion over T À 0 since F t is a closed immersion for every t A T À 0 (see e.g. [8] , 4.6.7). Therefore for t A T À 0 we have the equality Y t ¼ imðF t Þ. Finally, the facts that T is an integral smooth curve and Y is integral and dominates T imply that Y is flat over T. So the fiber Y 0 of Y at 0 A T is the flat limit of the images of X t ! F t P r for t 3 0. Moreover, this fiber Y 0 contains the central fiber ðimj jÞ 0 of the image ofj j and since both the fiber Y 0 and the fiber ðimj jÞ 0 have the same degree and the same arithmetic genus they are equal. r As consequence of Theorem 4.7 and Theorem 5.1 we obtain the smoothing of ribbons of arithmetic genus greater than or equal to 3. For ribbons over an elliptic curve or ribbons over P 1 , we can also apply Theorem 5.1 for ribbons embedded like in Remark 4.8. In these cases we obtain the following embedded smoothing results for ribbons supported over a nondegenerate embedding of its reduced part.
Corollary 5.5. Let Y H P dÀ1 be an elliptic normal curve of degree d f 5. Let E be a line bundle of degree Àd such that E À1 is not isomorphic to O Y ð1Þ. Then for every ribbonỸ Y over Y with conormal bundle E embedded in P dÀ1 with support on Y H P dÀ1 there exists a closed integral subscheme Y H P dÀ1 Â T flat over a smooth pointed a‰ne curve T whose general fiber is a smooth irreducible projective nondegenerate curve of genus d þ 1 with nonspecial hyperplane section in P dÀ1 and whose central fiber isỸ Y H P dÀ1 . Moreover, in this conditions, every ribbonỸ Y over Y with conormal bundle E admits an embedding in P with support on Y H P dÀ1 there exists a closed integral subscheme Y H P dÀ1 Â T flat over a smooth pointed a‰ne curve T whose general fiber is a smooth irreducible projective nondegenerate curve of genus d À 1 with nonspecial hyperplane section in P dÀ1 and whose central fiber isỸ Y H P dÀ1 . Moreover, in this conditions, every ribbonỸ Y over P 1 with conormal bundle O P 1 ðÀdÞ admits an embedding in P dÀ1 with support on Y H P dÀ1 . r
